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Abstract-The oceanic gyre is assumed to be a closed rotating mass of water in the 
horizontal plane, with a steady line source of waste which decays at a rate proportional 
to concentration. The accumulation of waste in the gyre is examined using a sequence 
of related models and dimensionless groups of variables. The final steady-state model 
includes the earlier ones as special cases. A new dimensionless variable p which com- 
bines the geometry of the gyre, its rotation, and the rates of dispersion and waste decay, 
explains the most important aspects of waste build-up in the gyre. 
INTRODUCTION 
The purpose of this paper is to examine the accumulation of waste discharges in oceanic 
gyres. The dumping of wastes such as dredge spoil from harbours, industrial and sewage 
sludges and low-level nuclear wastes is currently practiced in many parts of the world’s 
oceans. The fear has been expressed that large eddies or gyres at the dump sites might 
accumulate the waste within its waters to unacceptable levels. We examine this question 
using a sequence of simple models. We pay particular attention to dimensionless groups 
of variables which simplify the relationship between the parameter space and the con- 
centration of waste in the model gyre. 
MODEL (k/)-THE WELL-MIXED GYRE 
The first model we consider assumes the gyre to be well mixed. There are no concen- 
tration gradients within it. The uniform concentration responds instantaneously to any 
change in the input rate. If the waste is conservative, the concentration will increase 
indefinitely as long as the gyre persists. We shall assume, however, that the waste decays 
at a rate proportional to its concentration C(t) in the gyre. By varying the proportionality 
constant k we can model short-lived or long-lived wastes such as radio nucleids, viruses, 
bacteria or biochemical oxygen demand. We can also represent the scavanging of heavy 
metals by sedimentation and the dissipation of waste heat, as first-order decay processes. 
This gives our model some generality. 
The instantaneous mass balance for the waste in the gyre may therefore be written as 
dC -= 
dt 
-kC + ml(Al), C(0) = 0, (1) 
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where m is the mass rate at which waste is being added to the gyre of volume Al. The 
gyre is regarded as a solid of revolution which is formed by revolving a vertical area A 
through a horizontal distance 1. We specify C(0) = 0 as the initial condition and find the 
solution of eqn (1). 
C(r) = [ml(kAl)][l - exp(-kt)]. (2) 
C(m) = ml(kAI) is the steady-state concentration at which the decay rate exactly balances 
the rate of waste input. The speed at which C(m) is approached depends entirely on k. 
When t = 3/k, C(t) is -95% of C(m). Note also that C(m) is inversely proportional to k. 
Long-lived wastes (k < 1) will take a long time to build up a steady-state concentration 
in the gyre. 
MODEL (U/W)-THE CAROUSEL 
We now let the gyre rotate. If U is the average velocity through each cross-section of 
the gyre, then l/U is the time required to complete one revolution. Its reciprocal is the 
frequency of rotation. 
Let us now place an observer in the gyre so that he rotates with it. See Fig. 1. Each 
time he passes the line source of waste across his path he observes a jump change in 
concentration C’ equal to ml(AU). This is derived rigorously in result (17). 
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Fig. 1. A gyre of cross-sectional area A rotating with velocity U (top). Concentration as seen by an observer 
rotating with the gyre (bottom). 
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Between these jumps the concentration decays exponentially by a factor exp( - kNU). 
Hence we can write the following recurrence relation which describes the concentration 
of waste at the dump site: 
C, = C,,_, exp( - kNU) + rnl(AU), n = 1, 2, . . . . (2) 
C, is the concentration in a section of the rotating gyre which has just passed the input 
line for the nth time. 
This recurrence equation has the solution 
n-1 
C, = Co exp( - nkNU) + (m/AU) 2 exp( -jkllU) 
j=o 
(3) 
which consists of a transient initial condition (Co) and a steady state which is attained 
for large n. Hence, from either (2) or (3), we find the steady-state concentration at the 
dump site. 
C, = (m/AU)l[l - exp(-kl/U)]. (4) 
We saw in the model of the well-mixed gyre that 95% of the steady-state concentration 
C(m) is achieved in a time t = 3/k. The time required for IZ revolutions of the gyre is t = 
nNU. Hence, by analogy, we would expect 95% of C, to be attained in n = 3Ul(kl) = 
3U1 revolutions. 
U, = Ul(k1) (5) 
is a dimensionless number which describes the relative importance of the gyre velocity 
U, the length of rotation 1 and the fractional decay rate k. We have also introduced the 
variable 
C’ = mlAU: (6) 
the jump in concentration. 
Let us examine the effect of large and small values of U1 on C,. When U1 is large, we 
find 
c, = C’U,, u, > 10, (7) 
and we recover the result for the well-mixed gyre. In other words when the gyre velocity 
U is high enough compared to (kl), the waste accumulates uniformly throughout the gyre. 
It takes a long time for this to happen n = 3U1. We also see that the ratio of C, to the 
jump C’ is equal to U,. For large values of U1 the individual jumps are small compared 
with the build up of waste already in the gyre. This is shown schematically in Fig. 2. 
On the other hand, for small values of U,, 
c, = C’, n = 1,2,. . . , u’ < 0.4 (8) 
and only the jumps matter. The steady state is reached immediately. There is no accu- 
mulation within the gyre and the waste decays almost completely between jumps. This 
is also shown schematically in Fig. 2. 
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Fig. 2. The variation in dimensionless concentration for large and small values of UI. 
Finally we note that the well-mixed gyre solution also provides the average concen- 
tration in a nonuniform gyre. Integrating the steady concentration around the gyre, 
C(x) = Cm exp( - kx/U), 05x51, (9) 
we lind using expression (4) 
C, exp( - kxlU) dx 
= UiC’ = ml(kA1). (10) 
Hence U, also measures the average long-term build up of waste within the gyre as a 
multiple of the jump in concentration at the dump site for all the values of U1. This is 
also shown in Fig. 2 as a dotted line. 
MODEL (01, U,) 
In this model we first change the reference frame. We describe the processes of waste 
dispersion in a reference frame which is fixed on the bed of the sea and within which the 
gyre rotates. We define a closed curvilinear axis x on which we write a mass balance for 
the steady-state waste concentration C(x) around the gyre. Consider a segment of the 
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gyre between points 0 and x. The steady-state mass balance for this segment is 
205 
DA g (x) - g (0) 
> 
- UA[C(x) - C(O>l 
- kA x C(x’) dx’ + mH(x - y) = 0. (11) 
The first term describes the rate at which mass moves into and out of the fixed segment 
by dispersion. A flux into the segment is positive. The second term describes the rate at 
which mass is advected into or out of the segment by the gyre circulation. The third term 
models the mass loss rate from the whole segment as a first-order decay process. The 
parameters D, U, k and A are independent of x. The mass rate of discharge of waste m 
is located at x = y. H is Heaviside’s function. If x < y then the discharge is not within 
the segment and H = 0. Ifx > y, H = 1 and m is included in the mass balance. We now 
make two remarks concerning eqn (11) before differentiating it to yield the differential 
mass balance equation. 
First note that when x = 1 eqn (11) encompasses the whole gyre. If we impose the 
periodic continuity conditions at x = 0 and at x = 1, neither of which corresponds to x 
= Y, 
cc0 = C(O), 
dC/du(f) = dC/du(O), (12) 
eqn (11) becomes 
C(x’) dx’ + m = 0, (13) 
or after rearrangement 
C = ml(kA1). (14) 
Hence the average concentration in a gyre, with a concentration gradient due to tinite 
advection and dispersion, is equal to the uniform concentration in the corresponding well- 
mixed gyre . 
For our second remark we rewrite the mass balance (11) for a segment which extends 
a distance +E about the dump site at x = y from x = y - E to x = y + E. We find 
-DA $ (x) + 
X=Y+E 
UAC(x) + kA 
X=Y--E J 
x=y+t 
C(x) dx = m. (1% x=JJ--E 
Now impose the condition that C(x) be continuous everywhere within 0 I x 5 1 and take 
the limit as E tends to zero. We find that there must be a jump discontinuity in dC/dx at 
x = y, in order to prevent the left-hand side from vanishing. Hence 
2 (y + 0) - g (y - 0) = - 5 (D # 0). (16) 
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However, when D = 0, a similar argument demands a jump discontinuity in C at X = 
Y: 
C(y + 0) - C(y - 0) = -& (D = 0, U # 0). (17) 
We made use of this already in elaborating model U/(M). 
The differentialform of the mass balance equation may now be found by differentiating 
eqn (11) with respect to x. We find 
-DA $ + UA $ + kAC = mS(x - y). (18) 
The solution of eqn (18) is periodic on an interval of length 1. The easiest way of deriving 
this periodic solution is to introduce a new independent coordinate o = x - y into both 
eqns (18) and (16) which measures the distance from the dump site. Hence we find the 
homogeneous differential equation on the interval 0 5 u 5 E: 
-DA% + UAg + kAC = 0 (19) 
subject to the periodic boundary conditions 
C(0) - C(l) = 0, (2W 
dUda (I) - dC/da (0) = m/(DA). (2Ob) 
The delta function has been absorbed into the boundary conditions, using the correspon- 
dence between the points x = y + 0 with (T = 0, and x = y - 0 with cr = 1. This is 
indicated Fig. 3. 
This two-point boundary-value problem has the following solution: 
Cl(Cl) = T*(u,) + TdUl), C,(Ul) = C(u,)lC”, (21) 
T,(u,) = 
exp[-a’(1 - UI)] 
1 - exp(-a+) ’ u1 
= 011, 05urS1, 
TZ(Ul) = 
eMa_m) 
1 - exp(aK) * 
(224 
(22b) 
T1 and T2 are formed from the two independent solutions exp(a+ul) and exp(a-ol) of 
the homogeneous equation. The factors a+ and a- are functions of the polar coordinates 
(p, 0) of a point in the (D,, UJ plane shown in Fig. 4. Accordingly, 
a + = 2/[p(l - sin 0)], 
a- = -2/[p(l + sine)], 
0 = tan-‘(U1/D1), 
p=m. 
(23a) 
(23b) 
(24) 
(25) 
U1 is the same dimensionless velocity which we met already in model (Ulkl). DI is the 
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Fig. 3. The periodic concentration function in model (0,. VI). The arrows indicate its slope at: (a) x = y + 0 
and (b) x = y + 1 - 0. The new coordinate u is shown underneath. 
corresponding dimensionless dispersion which allows us to write p as a total dimensionless 
transport around the gyre. D1 and U1 are 
DFdE@F), 
U1 = Ul(k1). 
(26) 
(27) 
Finally 
c” = (m/AU) sin 0 = ml(Ad/v2 f 4kD) (28) 
mixed gyre 
Fig. 4. The (01, VI) plane with polar coordinates (p. 13) and the domains for each model. 
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is used to normalise the concentration C(a,). C” is the concentration at the dump site 
when 1 is appropriately large. Result (21) can be verified by substitution. Its properties 
may be seen as follows. 
First allow 8 + 90” by taking D, to 0. From (23) we find a+ + 00 and a- + -l/p. 
Hence, for all values of u1 # 1, T, vanishes and 
Cl(Ul) = T2(u,) = 
ew(-ul/U1) 
1 - exp(-l/U,) 
(29) 
which is model (Ulkl) as required. Before examining the limit 0 * 0, we derive the average 
concentration. 
The average concentration in the gyre is by definition 
I 
1 
c, = CI(UI) da,. 
u,=o 
Substituting result (21) and (22) we find 
= l/u+ - l/a- 
(30) 
(31) 
= P 
which is independent of 8. 
Normalising with c” in expression (21) makes the average dimensionless concentration 
c, equal to the total dimensionless transport p around the gyre. Substituting from (28) in 
c/C” = p and using expressions (24), (25) and (27), we recover result (14), the uniform 
concentration in the well-mixed gyre. This is shown as a dotted line in Fig. 5. 
Now take 8 + 0 with U, = 0. The two factors a+ = -+2/p ensure that T, and T2 are 
reflections of each other in the vertical line at u1 = l/2. Result (31) is also symmetrical 
T, = T2 = p/2. 
Let us now examine the effect of small and large values of p. 
When p < 0.4 and 0 = 0, we find T2 = 1, T1 = 0 at u, = 0. Conversely, T2 = 0, TI = 
1 at u1 = 1. Also T, = Tz = 0.2. Since T, and T2 are strictly positive functions, we 
conclude that there is no circular accumulation around the gyre and 1 is effectively infinite. 
Accordingly, when p < 0.4 and 0 -L 0, 
C,(UI) = TV, 0 I u1 I l/2, 
I, = T,(uI), l/2 5 u, 5 1. (33) 
This argument can be repeated for values of B# 0. As 8 increases, the point where TI and 
T2 switch roles as approximations to C, in (33), moves from u1 = l/2 when 8 = 0 to UI 
= 1 when 0 = 90”. In the latter case we recover model {U/(&l)} where p = U, < 0.4 was 
also the condition for no circular accumulation. See Fig. 5. Finally, c” is the concentration 
at the dumpsite when p < 0.4 since T2(0) = T,(l) = 1. 
Now consider p > 10. From (21)-(25) we find for all values of 8 < 90”, 
C,(O) = T,(O) + TAO) = p. (34) 
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Fig. 5. The variation in dimensionless concentration for large and small values of p in model (O,, (I,). 
But c, = p, result (31). Hence 
Cl(Ul) = P for all (~1, p > 10 (35) 
and is also shown in Fig. 5. 
Substituting from (28) in C = pc” we recover the well-mixed gyre of uniform 
concentration. 
CONCLUSIONS 
The dimensionless variable p, which describes the transport and decay in the gyre, 
captures the most important aspects of the steady concentration of waste. Figure 4 brings 
together various models which we have considered, indicating where they are valid for 
different values of p and 0. We recommend plotting field data in the same (Or, U,) plane 
when it becomes available. The very simple hydrodynamic assumptions should also be 
kept in mind when using this theory. They limit its general validity. 
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